Driven by single photon detection requirements especially for quantum information sciences, the theory of arrays of off-on detectors has been well developed and applied. However for a comprehensive characterization of nonclassicality one also needs phase sensitive properties. This missing link is fulfilled by the theory of phase sensitive click counting measurements. This theory is presented. It unifies the balanced homodyne detection for high intensities with the click detection in the few photon regime. We formulate and apply a hierarchy of nonlinear squeezing conditions to probe quantum effects beyond standard squeezing. Imperfections stemming from fluctuations of the local oscillator, detector efficiency, and dark count rates are considered. Experimentally accessible sampling formulas are given which can be applied without time consuming data processing. Our phase-sensitive click detection theory paves the way towards novel applications of nonclassical light in quantum metrology.
I. INTRODUCTION
Interference plays a crucial role for both quantum physics and classical wave theories. In quantum optics quantum interferences and superimposed electromagnetic field components occur simultaneously. Therefore, a proper analysis and determination of the character of interference patterns is indispensable for separating classical wave phenomena from quantum effects.
As photons reflect the particle nature of the electromagnetic field, their generation and detection are of fundamental interest [1] [2] [3] . In the low photon number regime, detectors are often based on avalanche photodiodes (APD) in the Geiger mode. APDs produce a "click" for any number of absorbed photons and remain silent otherwise, i.e. "no-click". The incident light field can be split into fields with equal intensities, each being measured with an APD, to extract information beyond the binary one. Realizations are multiplexing detectors, detector arrays, and time-bin or fiber loop detectors; cf. [4, 5] for recent experiments. Such techniques have been applied in quantum metrology [6] [7] [8] , or for the determination of entanglement [9] [10] [11] .
The click counting statistics c k for a measurement with N APDs is of the form
where k is the number of clicks, N the number of APDs, and : · : the normal ordering prescription [12] . This quantum version of a binomial statistics is described by the * Electronic address: jan.sperling@uni-rostock.de
, whose expectation value is the probability to record a click with a single APD. Hereinn is the photon number operator, η the quantum efficiency, and ν the dark count rate of each APD. Quantum properties, e.g. sub-binomial light, can be verified with such detection schemes [13] [14] [15] . Moreover, higher order correlations, nonlinear absorption processes, and state engineering protocols have been investigated for these click counters [16, 17] . In the high intensity regime, the wave nature of the electromagnetic field is often studied by balanced homodyne detection (BHD), based on photoelectric detection theory [18] [19] [20] . A signal (SI) is mixed on a beam splitter with a strong local oscillator (LO) while controlling the relative phase. Both outputs fields are measured with a detector which produces an electric current being proportional to the intensity of the incident light field. Such interferometric measurements have been used to verify phase dependent nonclassical phenomena [21] . Application have been established in quantum metrology [22, 23] and weak LO homodyning [9, 10, 24] .
Moment based criteria in terms of field quadratures have been derived to verify quantum correlations using BHD [25] [26] [27] [28] [29] . Nonclassical light fields characterized in such a form, such as squeezed states, serve as a fundamental resource in applications which require a superior phase determination, for example, for gravitational wave detectors [30, 31] . In order to verify other correlations, e.g., entanglement, it is indispensable to perform a careful detector analysis [32] . A phase sensitive detection theory does not exist for click counting devices, so that phase sensitive effects are nonaccessible in this regime.
In the present contribution we formulate a BHD-type phase resolving click counting theory, which unifies the detection of the particle and the wave nature of quantum radiation fields. This yields a new observable -a nonlinear quadrature operator -as the key element of our approach. We provide a hierarchy of nonclassicality criteria to uncover phase sensitive quantum effects using onoff detector systems. Direct sampling formulas are given which allow to implement our theory in experiments.
II. MEASUREMENT SETUP AND NONLINEAR QUADRATURE
In Fig. 1 (a) we describe the BHD setup using click counting devices. The SI field and the LO are combined on a 50:50 beam splitter. For the time being, we assume that the LO is in a perfect coherent state given by the coherent amplitude β = re iϕ . The output beams are individually detected with a system of on-off detectors, which yields a joint click counting statistics c k1,k2 [16] . For simplicity, we assume that both detector systems, 1 and 2, have identical characteristics, i.e., number of APDs N 1 = N 2 = N , quantum efficiencies η 1 = η 2 = η, and dark count rates ν 1 = ν 2 = ν. Finally, the difference count rate c ∆k can be obtained as
This difference click counting statistics -depending on the phase of the LO, c ∆k = c ∆k (ϕ) -is shown for a coherent SI state |α in Fig. 1 (b). Note that a low intensity approximation with photoelectric detectors, having a Poissonian form of statistics, is impossible in this case since the mean number of photons from SI and LO is in the same order as the number of diodes [12] . Now, the question arises how to infer quantum properties from this measurement. Since moment-based criteria turn out to be a fruitful approach, we may initially define a nonlinear quadrature operatorX(ϕ) through
describe the first(second) detector, respectively. Normally ordered powers of the operatorX(ϕ) will be used later to uncover quantum effects. Using the beam splitter transform,
with the photon numbern =â † SIâ SI and the linear quadraturex(ϕ) =â SI e −iϕ +â † SI e iϕ of the signal field. We observe several features in the click quadrature operatorX(ϕ). First, it has the intensity dependent contribution, exp[−ηn/(2N )], which is limiting the range of possible expectation values. This makes sense because for any SI and LO power the expectation value must not exceed the values ±N , cf. the right hand side in (3). Second, the quadratureX(ϕ) is nonlinearly related to the SI's true quadraturex(ϕ) in terms of a hyperbolic sine. In Fig. 1(c) , we plot the expectation value (4) for a coherent SI with different intensities to show this nonlinear behavior. Finally we can analyze the limit N → ∞,
which corresponds to the linear quadrature being the result of BHD with photoelectric detection theory. Alternatively, a first order Taylor expansion in terms of low efficiencies η 1 yields the same result. Moreover, the second order term includes intensity field correlations, :nx(ϕ): , which have been studied in the context nonclassicality determination [33, 34] . The fact that we can get these number-amplitude cross correlation highlights the nonlinear character ofX(ϕ) in Eq. (4).
Let us consider a nonclassical signal of n-photons superimposed with vacuum,
being the single mode version of the so-called N00N state [35] . Figure 2 shows the phase dependency of these states, n = 1, 3, 5, with mean photon numbers n = n/2. The periodicity depends on the number of photons, which is of a particular interest for quantum metrology [22, 35] . 
III. HIGER-ORDER MOMENTS AND NONCLASSICALITY
In order to formulate nonclassicality conditions, we may define the matrix of click quadrature operator moments,
with · being the floor function. Since this matrix of moments is formulated in terms of normally ordered operator powers, it has to be positive semi-definite for any classical light field; cf., e.g., [16] . Therefore, we can formulate a nonlcassicality criterion as follows. A light field is nonclassical, if for a choice of indices holds that
where the set I ⊂ {0, . . . , N/2 } describes the rows and columns of the considered minor. Note that :X 0 (ϕ): = 1 = 1 and :X 1 (ϕ): = X (ϕ) . To guarantee the direct applicability in experiments, we formulate sampling formulas to determine the moments :X m (ϕ): directly from the measured joint click counting statistics c k1,k2 = c k1,k2 (ϕ). Using the generating function approach in Ref. [16] , This renders it possible to certify nonclassical effects from the experimentally obtained counting statistics without time consuming data post processing.
Because of its relevance in physics, we select from the hierarchy of nonclassicality conditions (8) As an example, we study a squeezed vacuum SI state,
characterized by the squeezing parameter ξ > 0. Figure 3 shows the nonlinear quadrature variance for ϕ = 0(π/2) corresponding to the squeezed(anti-squeezed) quadrature, respectively. We observe that even in the case of imperfect detection and a small number of APDs, we can identify squeezing through condition (10) for all parameters ξ. It is also worth mentioning that the minimal normally ordered variance is −1. Another interesting feature is a saturation effect, ξ → ∞ yields :[∆X(ϕ)] 2 : = 0. This is due to the fact that the intensity in such a case is so high that all APDs click all the time, which can be also achieved with a strong coherent SI, |α with |α| → ∞, being a classical state. Hence the limits of strong coherent light and infinitively squeezed vacuum cannot be discriminated from each other.
IV. INFLUENCE OF LOSSES AND LO FLUCTUATIONS
Another example is the state in Eq. (6) using a higherorder nonclassicality condition (8); here I = {0, 1, 2}. In Fig. 4 , we plotted this minor depending on the phase ϕ and the efficiency η. Since the variance of this state is non-negative, :[∆X(ϕ)]
2 : ≥ 0, this scenario verifies that higher order correlations are useful to detect nonclassicality. Moreover, for all efficiencies, 1 ≥ η > 0, exist phase intervals with negativities which increase with increasing efficiency. So far we considered imperfections of the click detector itself, but not of the LO. In case of the standard BHD, classical LO fluctuation do basically not occur in the difference current of both detectors. Here such fluctuations can be crucial due to the nonlinear structure, cf. Eq. (3). Thus we introduce a convolution of the unperturbed quadrature moments :X m (ϕ): with the LO noise distribution P LO (β) and β = re
For a fundamental study, we infer Gaussian fluctuations, cf. [36, 37] , being subdivided into phase noise σ ϕ and amplitude noise σ r . The decomposition β = (x + ip)e iϕ in a ϕ-rotated frame yields a Gaussian fluctuation distribution as
having a mean coherent amplitudeβ = re iϕ . Using polar coordinates, the phase noise variance is given by σ p = rσ ϕ and the amplitude noise variance by σ x = σ r .
The influence of the LO fluctuations to the verification of nonlinear squeezing is shown in Fig. 5 . The amplitude noise (dotted curve) solely affects the value of the negativities in comparison with the unperturbed variance (solid curve). The phase noise (dashed curve) additionally diminishes the intervals of certified squeezing. Typically, the phase is much better controlled than assumed for the plot. However, such high phase diffusion shall underline the applicability in extreme scenarios. Naturally both effects add up as shown by the dot-dashed curve. • ), and the dotted one shows the effect of amplitude noise (σx = σr = 2) of the same order of magnitude as the mean LO amplitude. The dot-dashed curve combines amplitude and phase noise.
V. CONCLUSIONS
Techniques for measuring the particle and the wave nature of quantum light have been unified in the theory of balanced homodyne detection with click counting devices. Its consistent formulation leads to a nonlinear quadrature operator as the basic observable. Its features have been studied for local oscillators in the weak and intermediate intensity regime, for detector imperfections, and fluctuations of the local oscillator. For consistency, we showed that standard balanced homodyne detection is recovered in proper limits.
A hierarchy of conditions has been derived for determining phase sensitive nonclassical effects. The second order criterion applies to verify nonlinear squeezing of a squeezed vacuum state for arbitrary squeezing strength. Higher order criteria identify phase-senitive nonclassicality of a superposition of n photons with vacuum. By applying more than one phase sensitive click counting device, it is possible to infer phase sensitive correlations between multimode radiation fields. Our techniques can also be further developed for the aim of applications in quantum information and metrology.
